We investigate the Fefferman spaces of conformal type which are induced, via parabolic geometry, by the quaternionic contact (qc) manifolds introduced by O.Biquard. Equivalent characterizations of these spaces are proved: as conformal manifolds with symplectic conformal holonomy of the appropriate signature; as pseudo-Riemannian manifolds admitting conformal Killing fields satisfying a conformally invariant system of conditions analog to G. Sparling's criteria; and as the total space of a SO(3)-or S 3 -bundle over a qc manifold with the conformally equivalent metrics defined directly by Biquard. Global as well as local results are acquired.
Introduction
Generalized Fefferman constructions, broadly considered, are functors from geometries of one type to those of another. In [17] , C. Fefferman introduced the prototypical example by associating to any strictly pseudoconvex domain Ω ⊂ C n a canonical conformal class of Lorentzian metrics on S 1 × ∂Ω. This was later generalized to a construction for abstract pseudo-convex (integrable) CR manifolds of hypersurface type (cf. e.g. [5] , [23] , [3] ).
Recently, it was observed in the context of parabolic geometry that Fefferman's construction fit into a broader family of natural constructions relating geometries of different types (cf. [8] ). These are defined via Cartan geometries: Definition 1.1. Given a closed subgroup P of a Lie group G, a Cartan geometry of type (G, P ) (or modelled on the homogeneous space G/P ) is given, for a smooth manifold M of the same dimension as G/P , by a principal P bundle π : G → M , equipped with a Cartan connection ω. That is, ω ∈ Ω 1 (G, g) satisfies:
ω(X) = X, for any X ∈ p,X its fundamental vector field on G;
ω(u) : T u G → g is a linear isomorphism for all u ∈ G.
Given a Cartan geometry (G → M, ω) of some type (G, P ), the "generalized Fefferman construction" determines a Cartan geometry (G →M ,ω) of type (G,P ) as well as a fibrationM → M with fiber (P ∩ G)/P , for any inclusion G ֒→G and any closed subgroupP ⊂G such that G acts locally transitively onG/P , and the intersectionP ∩ G is contained in P (for details, see section 3).
In particular, this can be applied to associate a conformal manifold to any non-degnerate CR manifold (N, H, J), as both are parabolic geometries geometries (see section 2), and well known to have associated Cartan geometries. We denote the types of these geometries by (G cr , P cr ) and (G co , P co ), respectively. Then up to quotient by a finite center, the pair (G cr , P cr ) is given, for a pseudo-convex CR manifold of (real) signature (2p, 2q), by G cr = SU (p + 1, q + 1), with P cr the subgroup stabilizing a complex null line; for a conformal manifold of signature (2p + 1, 2q + 1), we have G co = O(2p + 2, 2q + 2), and P co is the stabilizer of a real null line. By classical results, the inclusion G cr ֒→ G co and the subgroups P cr , P co satisfy the necessary conditions, and the Fefferman construction associates to any pseudo-convex CR manifold N of signature (2p, 2q) a conformal structure of signature (2p + 1, 2q + 1) on the total space of an S 1 -bundle F cr → N . We refer to the result in the following as a (conformal) CR Fefferman space.
A rather more involved problem, on the other hand, is to relate the naturally induced Cartan geometry on F cr with the canonical (normal) Cartan geometry of the induced conformal structure, and to relate the latter to the conformal metric given in the classical construction of Fefferman. For this, see [10] , where A.Čap and R. Gover showed that the Cartan connection of the Fefferman construction agrees with the normal conformal Cartan connection precisely when the CR structure to begin with is integrable, and that it is equivalent to the original Fefferman metric. The results presented here for quaternionic contact Fefferman spaces parallel the work ofČap and Gover of CR Fefferman spaces.
Quaternionic contact manifolds (qc manifolds), introduced by O. Biquard in [4] , are another interesting example of a parabolic geometry. In many ways, they give the quaternionic analog to CR and conformal geometries, a view which is emphasized in the introductory chapter of [4] and which is suggested by the homogeneous model of its related Cartan geometry, as described in example 2.3 below. They are defined as follows (cf. definition 2.1 of [22] ): Definition 1.2. A qc manifold is a 4n + 3 dimensional smooth manifold M (n ≥ 1), together with a codimension three distribution D with a CSp(1)Sp(n) structure, i.e. we have: 
For n = 1, the following integrability condition, due to [16] , is required:
iv) The one-form {η s } can be chosen such that {(dη s ) |D } form a local oriented orthonormal basis of Λ
+ (D)
* and vector fields ξ 1 , ξ 2 , ξ 3 exist satisfying ξ s η r = δ sr and (ξ s dη r ) |D = −(ξ r dη s ) |D for s, r = 1, 2, 3.
We note that, for n > 1, Biquard proved the existence and uniqueness, given a local choice of a 1-form {η s } as in condition (iii), of vector fields {ξ s } satisfying (5) . In analogy with CR geometry, we call the one-form {η s } a qc contact form and the {ξ s } its Reeb vector fields. For fixed g ∈ [g], Biquard proved the existence of a canonical affine connection with torsion, which may be seen as the analog of the Tanaka-Webster connection for a choice of pseudo-hermitian form on a pseudo-convex CR manifold. He used this to construct CR and conformal structures on a natural S 2 bundle, respectively on an S 3 bundle, over M , which are independent of the choice of g (cf. theorems II.5.1 and II.6.1, respectively, of [4] ). The resulting CR manifold is called the CR twistor space, and the conformal metric is called the Fefferman metric of the qc manifold (or qc Fefferman metric, for short).
We study here the generalized Fefferman construction, via parabolic geometry, which naturally associates to a 4n + 3 dimensional qc manifold a conformal manifold of signature (4n + 3, 3), which we call the qc Fefferman space (cf. section 4.1). There are a number of reasons for interest in these constructions; here the emphasis lies on equivalent characterizations of the conformal Fefferman spaces which emphasize various aspects of their interesting geometry. Precisely, our main result is the following:
Theorem A. Let (F, f ) be a pseudo-Riemannian manifold of signature (4n + 3, 3) for some n ≥ 1. Then the following are equivalent:
i) The conformal manifold (F, [f ] ) is a qc Fefferman space.
ii) The conformal holonomy is reduced Hol(F, [f ]) ⊆ Sp(n + 1, 1), and the integrable rank 3 distribution induced on F by this reduction is spanned by complete vector fields, with regular compact leaves, which all are either simply connected or have fundamental group Z 2 and trivial monodromy.
iii) (F, f ) admits linearly independent, complete light-like conformal Killing fields k 1 , k 2 ∈ X(F ) with f (k 1 , k 2 ) = 0, such that:
iii-a) k i C = k i W = 0 for i = 1, 2;
iii-b) χ 1,2 := P(k 1 , k 2 ) + (Where k 3 is a conformal Killing field defined via k 1 and k 2 , and the λ i are their conformal factors, see section 4.1 and proposition 4.7 for precise definitions.) Moreover, k 3 is likewise complete, the leaves generated by the span of k 1 , k 2 , k 3 are regular and compact, and all are either simply connected or have fundamental group Z 2 and trivial monodromy. iv) (F, f ) is conformally equivalent to Biquard's Fefferman metric. That is, F admits an S 3 or an SO(3)
for some metric g ∈ [g], where {η s } is a qc contact form compatible with g, {σ s } is the connection form induced on p : F → M by the Biquard connection of g, and scal is the qc-scalar curvature.
After background material on parabolic geometries in section 2, and general results about Fefferman constructions and their "converse", Fefferman reductions, in section 3, we proceed with the proof of these equivalences. Section 4 derives some geometric properties of a conformal manifold with symplectic holonomy which will be needed in the sequel, and then proves the equivalence of (ii) and (iii). Section 5 proves the equivalence of (i) and (ii), which thanks to the general results of section 3, amounts to relating the normality conditions of the two types of parabolic geometries. In section 6, we give a general recipe -under some mild algebraic assumptions -for relating the Weyl structures of a parabolic geometry to Weyl structures of the related Fefferman space. In particular, we see how the form of the metric claimed in (iv) relates to the Weyl connection on M determined by a choice of metric g ∈ [g]. The equivalence of (i) and (iv) then follows from computing the qc Weyl connection, a result of independent interest which is done in [2] .
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Parabolic geometry: background, examples and conventions
A parabolic geometry is a Cartan geometry of parabolic type (G, P ), i.e. G is a real or complex semi-simple Lie group, and P ⊂ G is a parabolic subgroup in the sense of representation theory. For our purposes, the following definition of parabolic subgroup is sufficient: the Lie algebra g of G is endowed with a |k|-grading for some natural number k, i.e. we have a vector space decomposition g = g −k ⊕ . . . ⊕ g k , the Lie bracket satisfies [g i , g j ] ⊂ g i+j , and the sub-algebra g − = g −k ⊕ . . . ⊕ g −1 is generated by g −1 ; the Lie algebra of the subgroup P is given by p = g 0 ⊕ . . . ⊕ g k , and P is the subgroup preserving the associated filtration {g i } of g:
An auxiliary subgroup of some importance, denoted by G 0 , is defined as all elements whose adjoint action preserves the grading of g. The Lie algebra of G 0 is the sub-algebra g 0 .
The systematic study of parabolic geometries goes back to the work of N. Tanaka, cf. [29] , while the literature over the past few decades has expanded considerably. Our purpose here is limited to recalling the main results from this theory which will be of importance in the sequel, and fixing notation. For proofs of the foundational results, see [12] . For a survey of recent results and literature, see [8] .
For a general Cartan geometry (G, π, M, ω), the curvature two-form K ω is defined by the structure equation
Equivalently, one can consider the curvature function
. From properties (1) and (2), it follows that K ω is P -equivariant and horizontal, and we have a P -equivariant function
In the parabolic case, the isomorphism g/p ∼ = g − induces a P -module structure on g − and an isomorphism of P -modules,
), where the latter space is the nth co-chain group in the complex computing H * (g − , g), the Lie algebra cohomology of g − with coefficients in g. The differential ∂ :
) defining this cohomology is given, for ϕ ∈ C n (g − , g) and X 0 , . . . , X n ∈ g − , by:
While the differential ∂ is only G 0 -equivariant, but not P -equivariant, one can construct a codifferential
), adjoint to ∂ with respect to a positive definite inner product (hermitian in the complex case) on C * (g − , g), which is P -equivariant -see, e.g., 2.5, 2.6 and 2.13 of [12] . In particular, we can define the Kostant Laplacian (or quabla operator) = ∂∂ * + ∂ * ∂. This is a G 0 -equivariant, self-adjoint endomorphism of the co-chain groups, determining a G 0 -invariant Hodge decomposition
, and a isomorphism of G 0 -modules ker( ) ∼ = H * (g − , g).
A parabolic geometry (or its Cartan connection) is called normal if ∂ * •κ ω = 0. We note here the following useful expression for the codifferential acting on an element ϕ ∈ C 2 (g − , g), computed in 2.5 of [12] . For {e α } any basis of g − , by general results there exists a unique basis {e β } of the sub-algebra p + := g 1 ⊕. . .⊕g k which is dual with respect to the Killing form B g , in other words B g (e α , e β ) = δ β α . Then we have the following formula, which we use to define the terms ∂ * 1 and ∂ * 2 :
For a parabolic geometry, we can also use the |k|-grading of g to decompose the curvature function κ = κ ω by homogeneity:
A parabolic geometry (or its Cartan connection) is called regular if its curvature function satisfies κ (l) = 0 for all l ≤ 0. It is called torsion free if κ(X, Y ) ∈ p for all X, Y ∈ g − , and a torsion-free connection is automatically regular.
A basic fact about parabolic geometries is that, under the assumption of regularity, they induce underlying geometric structures essentially defined on the manifold M . These are so called regular infinitesimal flag structures of type (g, p). For a smooth manifold M of the same dimension as g/p, let a filtration of T M by distributions
, we call the filtration almost regular. Then the Lie bracket induces a well-defined tensor
Definition 2.1. Let g be a |k|-graded semi-simple Lie algebra, p = g 0 ⊕ . . . ⊕ g k , and M a smooth manifold with dim(M ) = dim(g/p). A regular infinitesimal flag structure of type (g, p) is given by: (i) an almost regular filtration
(ii) a reduction of the frame bundle of Gr(T M ) to a group G 0 with Lie algebra g 0 .
The following fundamental result for parabolic geometries is originally due to Tanaka [29] , cf. Section 3 of [12] for a proof: Theorem 2.1. Given g a |k|-graded semi-simple Lie algebra and M a smooth manifold endowed with a regular infinitesimal flag structure of type (g, p), there exists for some Lie group G having Lie algebra g and subgroup P , a parabolic geometry of type (G, P ) inducing this structure. If H 1 l (g − , g) = 0 for all l > 0, then this parabolic geometry is unique up to isomorphism.
The following results will be important for applications in the sequel, because they allow us to draw conclusions about the structure of the curvature tensor of a parabolic geometry from algebraic, essentially algorithmically computable information. First we have, as a corollary of the Bianchi identity for Cartan connections, cf. corollary 4.10 of [12] : Proposition 2.2. Let (G → M, ω) be a parabolic geometry, and let κ = l κ (l) be the decomposition of the curvature function by homogeneity. Then if κ (j) is identically zero for all j < i, then ∂ • κ (i) is identically zero as well.
In particular, if the parabolic geometry (G, ω) is normal, this implies that the lowest non-zero homogeneous component of the curvature, κ (i) , satisfies • κ (i) = 0. For a normal parabolic geometry, the harmonic curvature κ H is defined to be the image of κ under the projection ker(∂
), we may therefore identify the lowest degree component κ (i) with an element of the homogeneity i component of the second cohomology,
). By Kostant's version of the Bott-Borel-Weil Theorem, the module H 2 (g − , g) is completely reducible as a P -module (and thus may be considered as a G 0 -module with trivial action of P + ), and the irreducible G 0 -submodules may be determined via algorithms (cf. [28] , [30] ).
On the other hand, knowledge via these algebraic results of the harmonic curvature κ H , may be used to draw conclusions about the structure of the full curvature κ, as explained by the next proposition. The first statement follows from inductive application of proposition 2.2 (cf. 4.11 in [12] ), while the proof of the second statement relies on the more advanced machinery of curved Bernstein-Gelfand-Gelfand sequences for parabolic geometries (cf. [14] , [6] ; the formulation here follows corollary 3.2 of [7] ): Proposition 2.3. Let (G → M, ω) be a regular, normal parabolic geometry of type (G, P ), with curvature κ and harmonic curvature κ H . Then: (i) κ vanishes identicially if and only if κ H does. (ii) Suppose a
) is given, and that κ H has values in E 0 := E ∩ ker( ). If either ω is torsion-free, or if we have ∂ * (ϕ ψ) ∈ E for any ϕ, ψ ∈ E (where ϕ ψ is the alternation of the map
Remark 2.2. Note that the final hypothesis is trivially satisfied for the submodule of torsion-free curvatures:
, we have (ϕ ψ)(X 0 , X 1 , X 2 ) = 0 for all ϕ, ψ ∈ E. In particular, proposition 2.3 implies that the canonical parabolic geometry is torsion-free whenever its harmonic curvature κ H takes values in p.
We mention briefly the so-called tractor bundles related to a parabolic geometry (G → M, ω) of type (G, P ). For any finite dimensional representation ρ G : G → Gl(V ), the restriction ρ to a representation of P defines the associated tractor bundle V = V(M ) := G × ρ V . Via the principal bundle connection determined on the extension of G to G (cf. definition 3.2), V inherits an affine connection ∇ V induced by ω. More generally, P -invariant objects and constructions on the representation space V can be carried over naturally to V.
The most important tractor bundle is the adjoint tractor bundle A induced by the adjoint representation of G on g. From the P -invariant filtration of g, we get a filtration by subbundles:
The quotients A i := A i /A i+1 define grading components of the associated graded adjoint bundle Gr(A) := ⊕ k i=−k A i . The quotient bundle A/A 0 is isomorphic to T M , determining a natural projection Π : A → T M , so that any section of the adjoint tractor bundle determines a vector field on the base manifold.
Finally, let us mention the parabolic geometries which are the main subject of this work: conformal, CR and qc structures.
Example 2.3. The parabolic geometries corresponding to conformal and CR structures are well-explored in the literature. See for example chapter 8 of [27] and section 4.14 of [12] for discussion; sections 0.6 and 0.7 of [25] provide an exposition of many of the standard results in conformal Cartan geometry which we'll need. Here we fix the matrix representations of the groups G and P which occur in the homogeneous models of conformal, CR and qc geometries.
For F = R, C or H and non-negative integers p ≥ q, we let F p+1,q+1 be the vector space F p+q+2 endowed with the indefinite hermitian scalar product ≺, ≻ p+1,q+1 and quadratic form Q p+1,q+1 given as follows (we denote the standard ordered basis vectors as e 0 , . . . , e p+q+1 and the components of a vector accordingly):
Then the parabolic geometry associated to a conformal structure of signature (p, q) is of type (G co p,q , P co ), where G co p,q := P O(R p+1,q+1 ) := O(R p+1,q+1 )/{±Id} and P co = Stab G co p,q (Re 0 ). For a pseudo-convex CR structure of (real) signature (2p, 2q) with p + q even, we will assume that there is an associated parabolic geometry of type (G cr p,q , P cr ), where G cr p,q := SU (C p+1,q+1 )/{±Id} and P cr = Stab G cr p,q (Ce 0 ) (this is slightly different from the standard homogeneous model, which is given by factoring out the center of SU (C p+1,q+1 ), which is isomoprhic to Z p+q+2 , but for the CR structures we consider, we can always take this model). 
, and a reduction of the structure group of Gr(T M ) to CSp(1)Sp(n). The condition (4) means precisely that the generalized Levi-form on Gr(T M ) is pointwise isomorphic to the quaternionic Heisenberg algebra Im(H) ⊕ H n .
The quaternionic Heisenberg algebra naturally appears as the nilpotent subalgebra g qc − of the |2|-graded Lie algebra g qc := sp(H n+1,1 ) ∼ = sp(n + 1, 1). One calculates, namely:
This gives an obvious grading by elements of (off) "diagonal" form, and in particular we get the isomorphisms g
* . We will use these isomorphisms also for economy of notation, e.g. writing z ∈ g qc 1 to denote the matrix as above in which only z is non-zero, or (a, A 0 ) ∈ g qc 0 , p ∈ g qc −2 , etc. Straightforward matrix calculations verify that the Lie bracket respects the gradings.
If we take p qc = g qc 0 ⊕ p qc + , this shows that a qc manifold naturally has a regular infinitesimal flag structure of type (g qc , p qc ). On the other hand, given such a flag structure, we get a distribution D of co-rank 3 as required, and a G qc 0 -structure on this for some group having Lie algebra g qc 0 . In particular, this guarantees the satisfaction of (i) and (ii) in definition 1.2. Finally, by regularity (i.e. the Levi-form agrees with the Lie bracket of the Heisenberg algebra), we can locally fix a trivialization of T M/D, such that the R 3 -valued one-form corresponding to T M → T M/D satisfies def. 1.2(iii). In dimension 7, the structure induced by a regular flag structure need not satisfy def. 1.2(iv); this condition is equivalent to torsion-freeness of the canonical Cartan connection, as was observed in 3.10 of [15] .
In any case, every qc manifold determines a regular infinitesimal flag structure of type (g qc , p qc ). Using the algorithms for computing Lie algebra cohomology based on Kostant's version of Bott-Borel-Weil (cf. [28] or [30] ), we see that
qc ) = 0 for all l ≥ 0, and so we also have a canonical parabolic geometry for any qc manifold. If we take G qc = P Sp(H n+1,1 ) = Sp(H n+1,1 )/{±Id n+2 } and P qc := Stab G cr (He 0 ), then the Lie algebras of G qc and P qc clearly correspond to g qc and p qc , respectively. Moreover, one sees that the subgroup G qc 0 , of elements whose adjoint action preserve the grading of g qc , is isomorphic to CSp(1)Sp(n) and
. It follows from theorem 2.1 that every qc manifold M has a unique regular and normal parabolic geometry of type (G qc , P qc ), and we will use the notation (G qc → M, ω qc ) to denote this one (similar notation applies to the canonical Cartan geometries of conformal and CR manifolds).
In fact, the connection ω qc is even torsion-free, a property which will be important later. For n > 1, this follows from purely algebraic considerations. One computes with Kostant's version of BBW that in these cases,
, and so by proposition 2.3 and remark 2.2, ω qc is torsion-free. For n = 1, the second cohomology also has an irreducible component of homogeneity 1, but the existence of the Biquard connection (which follows from condition (iv) in definition 1.2, as shown in [16] ) and a short calculation, show that the curvature component of homogeneity 1 vanishes, cf. [2] .
Fefferman constructions and holonomy
We begin by recalling the abstract Fefferman construction, which can be carried out for Cartan geometries of general type [8] . Suppose a geometry (G → M, ω) of type (G, P ) is given (for now, not necessarily assumed parabolic), and an embedding G ֒→G. For any closed subgroupP ⊂G, a Cartan geometry of type (G,P ) may be constructed whenever G acts locally transitively onG/P (i.e.g = g+p), and P ⊃ (G∩P ). Namely, definingM := G/(G ∩P ) automatically gives (G →M , ω) the structure of a Cartan geometry of type (G, G ∩P ). The extensionG = G × G∩PP defines a principalP bundle overM , and ω can be canonically extended toω ∈ Ω 1 (G,g) by requiring thatω satisfy (1) and (2) with respect toP andp, respectively. Finally, the property (3) holds forω, by local transitivity, so we have a Cartan geometry of type (G,P ).
Note that by construction, the curvature quantities of ω andω (e.g. the curvature functions κ andκ, respectively) are related in a simple way. Consider the projection
ViaP -equivariance, this completely determines the curvature functionκ. In particular, we see that a Fefferman space (G,ω) induced by a geometry of type (G, P ), must satisfyκ(u)(X, .) = 0 for all points u of the sub-bundle G ⊂G and all X ∈ p. This section is devoted to determining, in a sufficiently general setting, the conditions which are sufficient. Thus our question is, given a Cartan geometry of type (G,P ), is it (locally or globally) isomorphic to the generalized Fefferman space of a Cartan geometry of some appropriate type (G, P ). We say in this case that there is a Fefferman reduction to (G, P ).
Correspondence spaces and twistor reductions
The main step in answering this question involves the notion of correspondence spaces and twistor spaces for Cartan geometries (these are distinct from the CR twistors defined in [4] ). These were introduced for parabolic geometries in [7] :
. A Cartan geometry of type (G, H) is said to admit a (local) twistor reduction to (G, B) if it is (locally) isomorphic to the correspondence space induced by some Cartan geometry of type (G, B).
Correspondence spaces occur at an intermediate stage of the general Fefferman construction, so we first need to find necessary and sufficient conditions for a Cartan geometry to admit a twistor reduction. A global result is accomplished, for a sufficiently general setting for our purposes, with the following lemma and with theorem 3.2: 
Proof. (⇒) Assuming G is the total space of a principal B bundle, the right action of B induces a Lie algebra homomorphism of b into the vector fields on G via fundamental vector fields, which must be given by X → ω −1 (X) since ω is assumed to respect the fundamental vector fields of this action. A direct calculation shows that this map is a Lie algebra homomorphism if and only if κ ω (b, b) = {0}. And condition (ii) must then also hold, because the b-constant vector fields ω −1 (X) are fundamental vector fields of a global action, and therefore complete.
Furthermore, since B is connected, the fibers of π B : G → N correspond to the leaves L generated by b-constant vector fields. Since B acts simply and transitively on the fibers, choosing any point u ∈ L determines a function f u ∈ C ∞ (L, B) by f u : u.b → b, and we see that the Darboux derivative of f u is given by f * u ω B = ω |L . By the global fundamental theorem of calculus (cf. theorem 3.7.14 in [27] ), the monodromy representation Φ ω |L : π 1 (L, u) → B must be trivial, as in condition (iii). Lastly, if π B/H : M → N is a fiber bundle with π B = π B/H • π H , then any fiber of π B/H must coincide with the image under π H of a fiber of π B , and hence the π H (L) foliate M and must have trivial leaf holonomy.
(⇐) We saw above that condition (i) implies that X → ω −1 (X) gives a Lie algebra homomorphism from b into the vector fields on G, which we shall denote with φ. By property (3) defining a Cartan connection, the distribution T b G := im(φ) has constant rank equal to the dimension of b, and by (ii), the vector fields spanning this distribution are complete. Thus there exists a unique locally free action ofB, the universal covering group of B, on G, such that the induced infinitesimal action equals φ ( [26] , for the proof cf. also II.3.1 in [21] ). And it follows that leaves L u of the distribution T b G, coincide with orbitsB(u) of the action. Now, by conditions (i) and (iii), the global fundamental theorem of calculus implies that ω Lu is a Darboux derivative, in particular there exists a uniquely determined, smooth function f u : (L u , u) → (B, e), such that f * u ω B = ω Lu . On the other hand, using theB action, b → u · b gives a smooth map g u :B → L u , for which one sees that g * u ω Lu = ωB. Thus we get a smooth map f u • g u : (B,ẽ) → (B, e), with Darboux derivative ω fu•gu = ωB. By uniqueness of the primitive, f u • g u must be the universal covering map, from which it follows that all isotropy groupsB u are isomorphic to π 1 (B, e), so theB-action factors through a B-action on G, which is simple and transitive on the leaves of the distribution T b G.
Since H ⊳ B, the B-action on G preserves the fibers of π H , i.e. for any u, u ′ ∈ G and any b ∈ B, we have
. Thus we get a well-defined B-action on M and it follows 
; and (ii)-(iv) of lemma 3.1 hold.
Proof. By lemma 3.1, conditions (i)-(iv) guarantee (and (ii)-(iv) are necessary) that G is the total space of a principal B bundle π B : G → N , such that M = G/H and the fundamental vector fields of the B action on G are respected by ω. Thus the only property remaining to ensure that (G, π B , N, ω) is a Cartan geometry of type (G, B), is (1) with respect to B. We claim this is equivalent to condition (i). Consider, for an arbitrary point u ∈ G and b ∈ B, the linear map on g defined by X → (R * b ω)(u)(ω −1 (X)). By the properties of a B-action, it follows that this defines a homomorphism Ψ u : B → Gl(g). Hence, since B is connected, it is determined by the Lie algebra homomorphism (Ψ u ) * : b → gl(g) which it induces infinitesimally. Substituting b = exp(tY ) for arbitrary Y ∈ b, and differentiating at t = 0 gives, for X ∈ g:
Thus we see that condition (i) holds if and only if (Ψ u ) * = −ad, which is equivalent, by the above, to Ad(B)-equivariance of ω, i.e. to condition (1). q.e.d.
Holonomy reduction
In the Fefferman construction, the second step is the extension of the (P ∩ G) bundle to aP bundle. The obstruction to doing the "converse" of this step is captured in the notion of reduction, which is naturally related to holonomy: Definition 3.2. Let (G →M ,ω) be a Cartan geometry of type (G,P ). (i) For a closed subgroup G ⊂G which acts locally transitively onG/P , a reduction of (G,ω) to G is given by a Cartan geometry (G → M, ω) of type (G,P ∩ G) and a reduction ι : G ֒→G such that ι * ω = ω.
(ii) The holonomy ofω is defined as Hol(ω) := Hol(ω ext ), whereω ext is the extension ofω to aG principal bundle as follows: ForG ext :=G ×PG and j :G ֒→G ext the obvious inclusion,ω ext ∈ Ω 1 (G ext ,g) is the unique principal bundle connection such that j * ωext =ω.
The following result follows via the usual holonomy reduction principle for principal connections. See proposition 55 and the proof in [1] ; some verifications which were overlooked there were subsequently carried out in the proof of proposition 5.1 in [20] , which in particular clarifies the necessity of global transitivity of G onG/P : Proposition 3.3. Let G ⊂G be a closed subgroup which acts globally transitively onG/P . A Cartan geometry of type (G,P ) admits a reduction to G if and only if Hol(ω) ⊆ G.
Thus we get the following global characterization of a class of Cartan geometries admitting Fefferman reductions:
Theorem 3.4. Let (G →M ,ω) be a Cartan geometry of type (G,P ),M connected, G a closed subgroup of G which is transitive onG/P , and P ⊂ G a closed, connected subgroup such thatP ∩ G ⊳ P and P/(G ∩P ) is compact. Then (G,ω) admits a global Fefferman reduction to (G, P ) if and only if Hol(ω) ⊆ G and the reduction to G satisfies the hypotheses of theorem 3.2 for G ∩P ⊳ P . Remark 3.3. In the author's dissertation (cf. proposition 57 of [1] ), it was observed that, starting with a parabolic geometry of type (G,P ), and given a closed subset G ⊂G acting transitively onG/P and P ⊂ G closed withP ∩ G ⊂ P , then Hol(ω) ⊆ G and condition (i) of theorem 3.2 are suffficient to guarantee that the geometry of type (G,P ) has a local Fefferman reduction to (G, P ). The proof amounts to noticing that the relevant parts of the proofs of proposition 2.6 and theorem 2.7 in [7] , transfer with only minor changes to this setting, and we omit it here. We will implicitly make use of this fact in the sequel, to note that the conditions on holonomy and curvature in many cases are sufficient to give a local version of our results, and that the global assumptions of regularity, completeness, etc. can just be omitted if we're only interested in local geometry.
Geometry of qc Fefferman spaces 4.1 The qc Fefferman construction and holonomy reduction
Now we introduce the specific Fefferman constructions which we'll be considering in the sequel and collect some notation. In general, n ≥ 1 will be fixed and (M, D, Q, [g]) is a qc manifold of dimension 4n + 3, with canonical parabolic geometry of type (G qc , P qc ), distinguished by the notation (G qc → M, ω qc ). We have natural inclusions
, and these groups are meant whenever subscripts are omitted. Accordingly, we write (N, H, J) to indicate a CR manifold of dimension 4n + 5, with Levi-form of (real) signature (4n + 2, 2), and (F, [f ]) will be a conformal manifold of signature (4n + 3, 3). We denote the canonical parabolic geometries of types (G cr , P cr ) and (G co , P co ) in the same way as for a qc manifold, e.g. (G cr → N, ω cr ).
It is well known that G qc is locally transitive on G cr /P cr and on G co /P co (as is G cr ), while the relations
follow immediately from the definitions given in example 2.3. (We note moreover that the subgroup P co ∩ G qc is normal in P qc , with
Information about the inclusions at the Lie algebra level is given in appendix A.) Hence from the general construction, (G qc → M, ω qc ) induces a Cartan geometry of CR type (G cr , P cr ), and one of conformal type (G co , P co ), and we will denote these as ( G qc → N qc , ω qc ) and (G qc → F qc , ω qc ), respectively.
Especially the second Cartan geometry is of interest to us, and we refer to it (as well as to the conformal structure (F qc , [f qc ]) it induces) as the qc Fefferman space (of M ). In section 5, we show that the Cartan geometry (G qc → F qc , ω qc ) is isomorphic to the canonical Cartan geometry of (F qc , [f qc ]) (and the corresponding fact for ( G qc → N qc , ω qc ) and its induced CR structure (N qc , H qc , J qc )), which in particular implies that Hol( 
Proof. The parabolic subgroup P co ⊂ G co may be identified with a subgroup of O(R 4n+4,4 ) and thus we have the standard conformal tractor bundle T co = G co × P co R 4n+8 , induced by the restriction of the standard representation of O(R 4n+4,4 ). T co has a canonical linear connection ∇ T induced by ω co , and a ∇ T -parallel metric f T of signature (4n + 4, 4) induced by invariance from Q 4n+4,4 . Reduction of the conformal holonomy of (F, [f ] ) to G cr (resp. to G qc ) implies the existence of a ∇ T -parallel complex structure on T co which is skewsymmetric with respect to f T (resp. is equivalent to existence of three such complex structures satisfying the quaternionic commutator relations). One also has the adjoint tractor bundle 
for the curvature two-form K co ∈ Ω 2 (F ; A co ) of ω co . Moreover, this gives a bijection between parallel sections of A co and conformal Killing fields satisfying (12) .
Now, by definition of the curvature function κ co , the A co -valued curvature 2-form K co , and the projection
The global conditions (ii)-(iv) of theorem 3.2 also simplify in this case; we'll discuss them for the reduction to G qc , the G cr case being handled similarly. We claim first that the p qc -constant vector fields on G qc are complete whenever the k i are. If k i is complete, then this means it induces a one-paramter family of global conformal diffeomorphisms of (F, [f ]). By uniqueness, these induce automorphisms of the canonical Cartan geometry (G co → F, ω co ), and differentiating determines a global vector fieldk i on G co , which is a lift of k i (and hence right-invariant) and complete. This vector field corresponds to the adjoint tractor s i under the bijection between Γ(A co ) and the right-invariant vector fields on
co -equivariant and corresponds to the section s i ∈ Γ(A co ) (cf. 3.1 of [9] ). In the proof of proposition 4.1, we noted that the s i are constant on G qc and that p qc =≪ s 1 (u), s 2 (u), s 3 (u), p co ∩ g qc ≫ for any u ∈ G qc . Hence a p qc -constant vector field of G qc is a linear combination of thek i and fundamental vector fields, and therefore complete. Applying theorem 3.2, we get:
admits a global Fefferman reduction to (G qc , P qc ) if and only if, in addition, the conformal Killing fields k 1 , k 2 , k 3 determined by this conformal holonomy reduction are complete, and the leaves they generate are regular, compact, and either all simply connected or all having fundamental group Z 2 . In the second case, the monodromy with respect to the Cartan connection must also be trivial.
Geometry of the Fefferman reductions
In addition to the existence of a parabolic geometry of qc type inducing (G co , ω co ), we'd like to know explicitly how the qc structure can be recovered directly from the conformal manifold (F, [f ] ). For this we need to look closer at the adjoint tractors s i and the connection ∇ A , and so we recall a few standard facts here. (For details, see e.g. Sections 0.6 and 0.7 of [25] .) Any choice of a metric f ∈ [f ] determines an isomorphism
Using this, write [ (F, f ) ) and k i ∈ X(F ). Under this identification, denoting with ∇ the Levi-Civita connection for f and P its Schouten tensor (the symmetric (0, 2)-tensor determined, for m := dim(F ), by Ric + (m − 2)P + tr(P)f = 0), then the connection ∇ A acts, for v ∈ T F , according to the following expression:
In particular, for a parallel adjoint tractor, one computes directly from the last line of (13) = 0:
In particular, the conformal Killing field k i = Π co • s i of a parallel adjoint tractor is Killing with respect to a metric f ∈ [f ] if and only if the component α i vanishes for the decomposition [s i ] f . In any case, one sees from the second line of (13) that the component γ i is also determined by k i whenever s i is parallel: 
Proof. Note that the left-hand side of (16) always equals m a=1 ε a K co (∇ ea k i , e a ), simply by using the last line of (13) for ∇ A s i = 0, and skew-symmetry of K co . To show that this vanishes, note that it is equivalent, using the well-known form for the curvature of the normal conformal Cartan connection, to showing that the identities a ε a W(∇ ea k i , e a , u, v) = 0 and a ε a C(∇ ea k, e a , u) = 0 both hold, for W the Weyl tensor and C the Cotton-York tensor of f (considered as a (0, 3)-tensor with the first two components skew-symmetric) and arbitrary vectors u, v ∈ T F . From proposition 4.2, k i K ω vanishes identically, which is equivalent to
And it follows, since s i is parallel, that C(u, v, k i ) = 0. As a well-known consequence of the semi-Riemannian Bianchi identity, we have: a ε a (∇ ea W)(u, v, w, e a ) = (3 − n)C(u, v, w). Plugging in k i for w in this equality, we therefore get:
and thus the first of the two terms considered at the outset vanishes as required, using the symmetries of the Weyl tensor.
Now we use the fact that k i is Killing with respect to the metric f . As already noted, this is equivalent to the function α i vanishing, which implies that γ i = P(k i ) and K i = ∇k i . Then the second line of the equations for ∇ A s i = 0 in (13), becomes
Since the quantities under consideration are tensorial, we may take our local pseudo-orthonormal basis to be normal in an arbitrary point, and compute:
using the vanishing of a ε a W(∇ ea k i , e a , u, v), shown above, and normality of the local frame. Finally, using normality and plugging in the identity (17) to this last line, one sees by expanding the terms from the righthand side of (17) that the result vanishes, since all terms include either a multiple of k i , e a or e b , and using the symmetries of W. q.e.d.
Further information about s i ∈ Γ(A co ) comes directly from the fact that it determines an almost complex structure on T co . The following lemma is shown by squaring the matrix representation of s i and comparing the result with −Id: In particular, by (ii) the conformal Killing field k i is nowhere vanishing, from which it follows that conformal re-scalings exist in a neighborhood around any point making k i to a Killing field. Denoting by N co the (either local or global) leaf space of the foliation determined by k 1 , and by M co the leaf space of the foliation determined by the span of k 1 , k 2 , k 3 , we will use this fact to identify the CR structure and pseudo-hermition forms on N co and the qc structure and local qc contact forms on M co , respectively. Although the distribution H s1,f and almost complex structure K 1 depend a priori on the choice of f , we will see that the distribution H co ⊂ T N co determined by H co (p(x)) := T x p(H s1,f (x)), for x ∈ F and p : F → N co the projection onto the leaf space, is invariant and that K 1 induces a natural almost complex structure J co on it. This is proved by direct calculation in [24] , but it also follows by considering the adjoint bundle A co and its natural sub-bundle induced by the reduction G cr to G cr , corresponding to the parallel section s 1 . Namely, defining the associated bundleÃ cr := G cr × G cr ∩P co g cr , we haveÃ cr = p * A cr , for A cr the adjoint bundle over N co associated to the parabolic geometry (G cr → N co , j * cr ω co ) of CR type (G cr , P cr ). Indeed, the covering map for p : F → N co is given by the natural bundle map p A :Ã cr → A cr which sends the equivalence class [(u, X)] ∈Ã cr , for any u ∈ G cr , X ∈ g cr , to the equivalence class [[(u, X)]] ∈ A cr , now considered up to equivalence under the action of P cr ⊃ G cr ∩ P co .
The CR structure on N co is induced from (G cr , j * cr ω co ) as follows: The CR distribution is given by
0 , and the almost complex structure J co on H co is determined by the induced adjoint action of the section s 1 on H co . Now using this, it is not too hard to see that H co is spanned pointwise by the image under Π cr • p A of adjoint tractors a ∈Ã cr such that Π co (a) ∈ H s1,f , and it follows that multiplication by J co in H co corresponds to the projection of the action of K 1 on the distribution H s1,f . We also see that a pseudo-hermitian form θ f for (N co , H co , J co ), can be given by choosing a local conformal factor making k 1 Killing, and letting θ f be the uniquely determined 1-form on N co which pulls back under p to the 1-form f (k 1 , .).
This approach also allows an extension to determine the qc structure induced on M co by (G qc , j * qc ω co ), the Fefferman reduction to type (G qc , P qc ). The qc distribution D co ⊂ T M co is the image under projection of the distributionD co := ∩ 3 i=1 H si,f . A local qc contact form, together with a local quaternionic basis of the bundle Q co , are determined by choosing a local conformal metric for which k 1 is Killing, and a local section of the projection N co → M co , and using this to transfer the three almost complex structures defined onD co (respectively, on T p(D co ) ⊂ T N co ), to D co . Since s 1 , s 2 , s 3 satisfy the quaternionic commutator relations, the same follows for the complex structures so defined on D co , while the other properties of a qc manifold can also be easily checked.
A result of this analysis is the following lemma, which follows from proposition 4.4: 
Quaternionic Sparling's criteria (A.ii ⇔ A.iii)
In section 3 of [11] ,Čap and Gover gave a conformally invariant generalization of Sparling's criteria for a pseudo-Riemannian manifold to be locally conformally isomorphic to the Fefferman space of a CR manifold. In view of propositions 4.1, 4.2 and 4.3, the first step is to characterize when, for a (light-like) conformal Killing field k satisfying the curvature condition k K co = 0 (which is equivalent to k W = k C = 0), its induced parallel adjoint tractor s ∈ Γ(A co ) determines a complex structure (and hence a conformal holonomy reduction to G cr ).Čap and Gover answer this in theorem 3 and corollary 3 of [11] by means of a very nice application of the machinery of BGG sequences for parabolic geometries (cf. [6] and [14] ). We apply this to the "quaternionic" setting in the following (which also shows the equivalence of (ii) and (iii) in theorem A): Proposition 4.7. Let (F, f ) be a pseudo-Riemannian manifold of signature (4n + 3, 3), endowed with two linearly independent, light-like, mutually orthogonal conformal Killing fields k 1 and k 2 (with conformal factors
. Then the scalar quantity
is a conformally invariant constant, and the (parallel) section s 1 • s 2 ∈ Γ(End(T co )) splits into the sum of a parallel adjoint tractor and the constant multiple of the identity χ 1,2 Id T . Also, the following formulae define a conformal Killing field k 3 with conformal factor λ 3 and satisfying k 3 C = k 3 W = 0:
Furthermore, define for i = 1, 2, 3 the scalar functions β i :
Then β 1 and β 2 are conformally invariant constants, and β 3 is as well whenever χ 1,2 = 0. The adjoint tractors s 1 , s 2 , s 3 corresponding to k 1 , k 2 , k 3 , respectively, determine a conformal holonomy reduction Hol(F, [f ]) ⊆ G qc if and only if χ 1,2 = 0, β i < 0, and β 1 β 2 = −β 3 .
Proof. The tractor endomorphism field s 1 • s 2 is parallel, since s 1 and s 2 are. From the
of the bundle of tractor endomorphisms in adjoint tractors, trace-free symmetric endomorphisms, and puretrace symmetric endomorphisms, s 1 • s 2 must decompose into the sum of parallel sections of each of these sub-bundles. The component of the section in S 2 0 (T co , f T ) is seen as in the proof of theorem 3 in [11] to vanish, since the projection onto the quotient by the highest non-trivial filtration component is determined by the scalar f (k 1 , k 2 ), and this vanishes.
Thus s 1 • s 2 is the sum of a parallel adjoint tractor and a parallel section of R · Id T , which must be a constant multiple of the identity. Now from elementary computations, one sees that if a matrix splits into the sum of an adjoint matrix and a multiple of the identity, then the multiple of the identity is given by one-half the sum of its upper-left and lower-right entries. In this case, that is computed by matrix multiplication to be the scalar χ 1,2 given in (20) , from which it follows that this is a conformally invariant constant. Simple matrix multiplication also shows that the component of s 1 • s 2 corresponding to the adjoint tractor, projects onto the vector field k 3 = K 1 (k 2 ) − α 2 k 1 , which by proposition 4.2 must be a conformal Killing field satisfying k 3 C = k 3 W = 0, and with conformal factor determined by α 3 , the lower-right entry of the matrix representation of the adjoint tractor. Again, matrix multiplication and elementary computations show that this entry is given by α 3 = χ 1,2 − α 1 α 2 − P(k 1 , k 2 ) + k 2 (α 1 ), which gives the formula in (21) .
Assume now that χ 1,2 = 0. Defining the vector field
we see since k 1 and k 2 are orthogonal, that also f (k 1 , k 1,2 ) = 0, and by property (ii) of lemma 4.5, γ 1 (k 1,2 ) = γ 1 (k 2 ) + γ 2 (k 1 ) + 2α 1 α 2 = 2χ 1,2 = 0. Thus k 1,2 ∈ H s1,f and K 1 acts by almost complex multiplication on k 1,2 . Using this, and the fact that
, k 1 ) = 0, which shows that k 3 is light-like. Now we can apply theorem 3 of [11] to k 3 (and to k 1 , k 2 , in any case). The β i correspond to the scalar functions given there, showing that β i are also conformally invariant constants, and the s i define complex structures on T co if and only they are negative. And rescaling, e.g. k 1 and k 2 so that β 1 = β 2 = −1, one sees directly that the scalar β 3 rescales in the way claimed. To see that the three adjoint tractors satisfy the quaternionic commutator relations, note that by the fact that s 1 • s 2 is an adjoint tractor (i.e. by χ 1,2 = 0), it automatically follows that s 2 • s 1 is also, and that the conformal Killing field corresponding to s 2 • s 1 is −k 3 . Hence s 2 • s 1 = −s 3 , from which the quaternionic relations follow.
q.e.d.
Normality of qc Fefferman spaces
In this section, we prove the equivalence of conditions (i) and (ii) of theorem A (and the corresponding local statements). In view of propositions 4.1 and 4.3 (and the fundamental theorem 2.1 guaranteeing uniqueness up to isomorphism of the regular, normal parabolic geometries in each case), it suffices to prove the following:
, the Cartan connections ω qc and ω qc of types (G cr , P cr ) and (G co , P co ), respectively, induced via the Fefferman construction by the canonical parabolic geometry of M , are torsion-free and normal. Given a conformal manifold (
qc , respectively, then the local Fefferman reductions of the canonical parabolic geometry of F -by (G cr → N co , j * cr ω co ) and (G qc → M co , j * qc ω co ), respectively -are torsion-free and normal.
Since torsion-freeness and normality are conditions on the curvatures of the Cartan connections, and in view of the identity (11) relating the curvature functions "upstairs" and "downstairs", the strategy is to use algebraic information and properties of the harmonic curvature to prove the theorem, which involves purely local identities.
Algebraic identites
First we establish, in an abstract algebraic setting, two identities relating the codifferentials associated with graded semi-simple Lie algebras under inclusion. These are basic for the proof of theorem 5.1 in the next sub-section. Separating the proof of these identities and establishing them in a general algebraic setting has the benefit of making that proof more transparent, and also emphasizing the general features of the inclusions in question which lead to the preservation of normality under the Fefferman construction.
Throughout this sub-section, ϕ : g ֒→g will be an inclusion of semi-simple Lie algebras, p ⊂ g andp ⊂g are parabolic sub-algebras, and we take as fixed associated |k|-, and |m|-gradings of g andg, respectively. Denote with indices in an obvious way the splitting induced on the inclusion ϕ: for any X ∈ g we have ϕ(X) = ϕ −m (X) + . . . + ϕ m (X) = ϕ − (X) + ϕ 0 (X) + ϕ + (X).
We will further assume that the inclusion satisfies the following properties. First, infinitesimally the conditions required for a Fefferman construction evidently correspond to:
Beyond this, there are some conditions which clearly hold in our cases and guarantee some basic "good behavior" of the Fefferman construction. Infinitesimally, these are:
A final, natural condition to impose, is that the Killing forms of g andg be compatible. Denoting by B the Killing form of g and byB the Killing form ofg, we assume that B = cB • ϕ for some (non-zero) constant c ∈ R. Again, this is clearly the case for the inclusions we're dealing with. Finally, we recall a standard fact about graded semi-simple Lie algebras (cf. proposition 2.2 of [12] ), which will be used in the computations which follow. The Killing form and grading components satisfy: B(g i , g j ) = 0 unless i + j = 0; and B induces isomorphisms g −i ∼ = (g i ) * .
Lemma 5.2. Let ϕ : g ֒→g be an inclusion of semi-simple Lie algebras with p ⊂ g andp ⊂g parabolic subalgebras satisfying (23) and (24), and suppose that their Killing forms satisfy B = cB •ϕ for some constant
) Suppose in addition that the following technical compatibility conditions are met for an arbitrary element Z ∈ p + : Either ϕ 0 (Z) = 0, or elseB(ϕ − (X), ϕ + (Z)) =B(ϕ 0 (X), ϕ 0 (Z)) for all X ∈ g − ; for any A ∈ g 0 , we assumeB(ϕ − (A), ϕ + (Z)) =B(ϕ 0 (A), ϕ 0 (Z)) = 0. Then the following identity holds:
Proof. Let {X 1 , . . . , X n } and {Z 1 , . . . , Z n } be B-dual bases of g − and p + . We assume that these are ordered such that for some largest n 0 ≤ n, we have ϕ 0 (Z i ) = 0 for all 1 ≤ i ≤ n 0 . Then for 1 ≤ i, j ≤ n 0 , we have:
sinceB(ϕ 0 (X i ), ϕ + (Z j )) = 0, and since ϕ(Z j ) = ϕ + (Z j ) by assumption. From the compatibility conditions assumed, we have for n 0 < i, j ≤ n:
Now, one also calculates in the same manner that for 1 ≤ i ≤ n 0 < j ≤ n, we have:
And we may choose linearly independent {U 1 , . . . , U q } from g 0 , and
areB-dual bases ofg − andp + . Recalling the defining formula (8), we compute forX = ϕ − (X):
where the equality of the second line follows from the fact thatκ(X, ϕ − (U l )) =κ(X, ϕ 0 (X j )) = 0, and by expanding: 2ϕ
The lemma now follows if we can show that the
all lie in the orthogonal complement of ϕ(g) with respect toB. Sincẽ X, ϕ(X j ) ∈ ϕ(g), and thereforeκ(X, ϕ(X j )) ∈ ϕ(g), by Ad-invariance ofB this is equivalent to showing that
But this follows by direct calculation from the assumptions of the lemma.
Lemma 5.3. Let ϕ : g ֒→g be an inclusion of semi-simple Lie algebras, with p ⊂ g andp ⊂g parabolic sub-algebras, and suppose that the hypotheses of Lemma 5.2 are fulfilled. Let X ∈ g −i be fixed, i > 0, such that ϕ(X) = ϕ −i (X) + ϕ 0 (X) and [ϕ −i (X), ϕ 0 (Z)] = 0 for all Z ∈ p + . Suppose finally that ϕ 0 (Z) = 0 for all Z ∈ g j with 1 ≤ j < i. Then for an elementκ ∈ C 2 (g − ,g) as in Lemma 5.2 and the element κ ∈ C 2 (g − , g) it induces, the following identity holds:
Proof. As in the proof of Lemma 5.2, choose B-dual bases {X i } and {Z i } of g − and p + , and from these constructB-dual bases
By the extra assumption that ϕ 0 (Z) = 0 for all Z ∈ g j with 1 ≤ j < i, we can take the bases of g − , p + to be ordered such that
. . ⊕ g k ) for all 1 ≤ j ≤ n 0 + a and some a ≥ 0. Then applying the formula (8), we compute:
Here we used the fact that [ϕ 0 (X), ϕ 0 (Z j )], [ϕ 0 (X), ϕ + (Z j )] and ϕ 0 (X i ) are all contained inp, which lies in the kernel ofκ, and the assumption that [ϕ −i (X), ϕ 0 (Z j )] = 0, to go from the first to the second line, while the equality of the last line follows from the definition of κ fromκ, using that ϕ is a Lie algebra homomorphism. And for all 1
Proof of theorem 5.1 (A.i ⇔ A.ii)
Proof. Since normality and torsion-freeness are purely local properties, we assume we're in the situation with fibrations F → N → M , and the total space G qc is a principal bundle over each of these manifolds, for varying structure group. By equivariance of the curvature functions, it suffices to show that for any point u ∈ G qc and any element X ∈ g qc , we have the following: (A) κ qc (u)(X) ∈ p co ∩ g qc ; (B) ∂ * p co (κ qc (u))(X) = 0; and (C) ∂ * p qc (κ co (u))(X) = 0 (this makes sense since κ co (u)(p qc , .) = {0}, so it may be viewed as an element of
. The proof will use applications of lemmas 5.2 and 5.3 from the previous sub-section to the co-chains κ qc and κ co , and in fact, we'll also get for free that ∂ * p cr (κ qc (u))(X) = ∂ * p cr (κ co (u))(X) = 0. From the information in appendix A, it is a matter of calculation with matrices to check that the hypotheses of lemma 5.2 are fulfilled for both the inclusions g qc ֒→ g cr and g cr ֒→ g co . And for the first inclusion, the hypotheses of lemma 5.3 are satisfied for the element i ∈ g qc −2 . Now to the proof of (A) and (B). First we prove that as a result of ω qc being torsion-free (i.e. im(κ qc (u)) ⊆ p qc ), we can in fact conclude that im(κ
This is a result of proposition 2.2. Since im(κ qc ) ⊆ p qc , in particular we have (κ qc ) (1) = 0 and applying proposition 2.2 to (κ qc ) (2) for X, Y ∈ g qc −1
and Z ∈ g qc −2 , by the definition of ∂ we have:
Taking an arbitrary Z ∈ g qc −2 ∼ = Im(H), we see that the last line will only vanish, in general, if (κ qc ) (2) 
e. both terms of ∂ * p qc • κ qc vanish, in addition to their sum). This is in fact a general feature of all torsion-free, normal parabolic geometries, cf. the proof of theorem 3.5 in [9] . This is seen by looking at the corresponding identity for ∂ * , considered as a map ∧ 2 p + ⊗ g → p + ⊗ g, which can be written for basis vectors as
and we see that the operator (∂ * p ) 2 corresponds to the map [ , ] ⊗ id : Thus we have (∂ * p cr • κ qc ) 2 = 0 by lemma 5.3, and for a fixed X ∈ g qc , we have (up to a constant)
by lemma 5.2. We now claim that ψ must vanish. Denote with Ω the symplectic form defining sp(2(n + 2), C) as a complex subalgebra of so(2(n + 2), C). We have the standard identity sp(n + 1, 1) = su(2(n + 1), 2) ∩ sp(2(n + 2), C), and using the splitting 2A = (A + ΩAΩ) + (A − ΩAΩ), for A any matrix in su(2(n + 1), 2), we can identify the subspace (g qc ) ⊥ ⊂ g cr as the set of those matrices which anti-commute with multiplication by j (and hence also k) on H n+2 = C 2n+4 . ⊥ H is contained in the former subspace, and since ψ anti-commutes with both j and k, the image ψ(He ⊥ H 0 ) is a quaternionic subspace, contained in the complex line Ce 0 , and must be {0}.
Therefore, the map ψ is determined on the quotient H n+2 /He ⊥ H 0 . Let v 0 ∈ Ce 0 be a non-zero vector, and let x 0 ∈ H n+2 be its dual vector: ≺ v 0 , x 0 ≻= 1. Letting w 0 := ψ(x 0 ), then {x 0 , jx 0 } induce a complex basis of the quotient space, and the map ψ is determined by (x 0 , jx 0 ) → (w 0 , −jw 0 ). On the other hand, since jx 0 ∈ Ce ⊥ C 0 , we must have w 0 ∈ Ce 0 , i.e. w 0 = jz 0 v 0 for some z 0 ∈ C. Therefore, the map ψ in question is determined by ψ : (x 0 , jx 0 ) → (z 0 jv 0 , z 0 v 0 ), which is easily seen to be hermitian-symmetric with respect to Q 2n+2,2 . Thus, ψ ∈ g cr only if it is identically zero.
Thus we have ∂ * p cr • κ qc = 0. Applying lemma 5.2 again, we see that (up to a constant) ∂ *
co . Now the final argument in the proof of theorem 2.5 of [10] (the preceding argument is just a symplectic variation on that argument), shows that this also vanishes, proving the claim (B).
To see claim (C), note that lemma 5.2 implies that (∂ * Plugging into the definition, we get, e.g.
for a basis {X a } of g cr −1 . This, and the analog terms for ∂ * p qc , are seen to vanish by lemma 4.6. q.e.d.
Weyl structures and Fefferman metrics
In section 4.2, we made use of the known expressions for the canonical conformal Cartan connection ω co in terms of a fixed metric f ∈ [f ] in the conformal class. These expressions arise from the fact that a choice of metric f determines an (exact) Weyl structure for the conformal Cartan geometry. In [13] ,Čap and J. Slovák developed a nice generalization of Weyl structures in conformal geometry to general parabolic geometries. In this section, we make use of this theory to study Fefferman spaces. We develop a procedure for inducing Weyl structures on the Fefferman space under certain algebraic assumptions. Together with the formula for a component of the Weyl structure of a qc manifold computed in [2] , this determines an explicit expression for certain metrics in the conformal class (F qc , [f qc ]), which correspond to exact Weyl structures of the parabolic geometry (G qc → M, ω qc ) (these in turn correspond to metrics g ∈ [g] on the qc distribution D). The result is the equivalence of conditions (iv) and (i) of theorem A. To begin, we recall some of the fundamental notions and properties from [13] .
A ∈ g 0 . Scaling elements always exist, they give rise to canonical bundles of scales, and these admit global smooth sections (cf. proposition 3.7 of [13] ); for example, taking as E λ the grading element gives, in the conformal, CR and qc cases, the R + bundles one would expect: the ray bundle of metrics in the conformal class, of (oriented) pseudo-hermitian forms, and of metrics on D in the conformal class [g], respectively. The Weyl connection σ * ω 0 of a Weyl structure determines a connection 1-form η σ on a fixed bundle of scales, which is induced by the 1-form λ ′ • σ * ω 0 ∈ Ω 1 (G 0 ). In fact, this correspondence is bijective: any Weyl structure is uniquely determined by the connection form η σ , cf. theorem 3.12 of [13] . In particular, this leads to distingushed Weyl structures characterised by the properties of η σ : A Weyl structure σ is closed if the curvature of η σ vanishes; it is flat if η σ has trivial holonomy. Exact Weyl structures correspond to global smooth sections of the scale bundle L λ ; in our cases, to fixed metrics or pseudo-hermitian forms, respectively. Now let G ⊂G be an inclusion of semi-simple Lie groups, and P ⊂ G,P ⊂G parabolic subgroups such that G acts locally transitively onG/P and P ⊇ (G ∩P ) as in the abstract set-up for a generalized Fefferman construction on parabolic geometries. For the Lie algebras g andg of G andG, respectively, we take as fixed the |k|-, respectively |m|-gradings associated to the parabolic subgroups. In particular, we have fixed subgroups G 0 ⊂ P andG 0 ⊂P consisting of all elements preserving the gradings. The (normal) subgroups P + := exp(p + ) ⊂ P andP + := exp(p + ) ⊂P are, as always, given and we assume that G andG are taken so that P = G 0 ⋉ P + andP =G 0 ⋉P + . Proposition 6.1. Let (π : G → M, ω) be a parabolic geometry of type (G, P ) and (π :G →M ,ω) its induced Fefferman space of type (G,P ). Suppose that in addition to the standard conditions required for a Fefferman construction, we have the following: (i) P + ⊂P and (ii) (G 0 ∩P ) ⊂G 0 . Then any Weyl structure σ for (G, ω) induces a unique Weyl structureσ for (G,ω). If we suppose, further, that scaling elements E λ ∈ z(g 0 ) and Eλ ∈ z(g 0 ) exist, such that B g (E λ , X) = c · Bg(Eλ, X) for some constant c and all X ∈ g, then the Weyl structureσ is closed (exact) whenever σ is.
Proof. Denote the submersion defining the manifoldM by p : G →M := G/(G ∩P ), and the resulting submersionp :M → M . Direct from the definitions, we have π =p • p : G → M . We claim first of all that there is a unique submersion p 0 : G 0 →M such that p 0 • π + = p : G →M (and hence it follows that p • p 0 = π 0 : G 0 → M ). To see the claim, note that G ∩P = P ∩P (since P ⊇ G ∩P ), and from the condition P + ⊂P it follows that P ∩P = (G 0 ∩P ) ⋉ P + . HenceM := G/(G ∩P ) = G 0 /(G 0 ∩P ), identifying G 0 as a (G 0 ∩P )-principal bundle overM . Now, by the requirement that G 0 ∩P ⊆G 0 , we get a natural inclusion ι 0 : G 0 ֒→ G 0 × G0∩PG 0 , of G 0 into aG 0 principal bundle overM , the latter of which we denote byπ To see the final claim, let u ∈ G 0 be an arbitrary point and ξ ∈ T u G 0 . Then we have
This shows that the 1-form λ * • (σ * ω 0 ) on G 0 which induces the connection 1-form η σ on the scale bundle 
where p : F qc → M is the submersion given by the Fefferman construction, g is the extension of g by zero on the complement of D determined by g, {η s } is any local choice of qc contact form, ⊙ is the symmetric product, and A σ g ∈ Ω 1 (F qc , sp (1)) is the principal connection induced from the qc Weyl connection Proof. In general, given an exact Weyl structure σ : G 0 → G of a Cartan geometry of conformal type, the corresponding metric f σ co ∈ [f ] in the conformal class induced by (G, ω) may be recovered as follows. Since σ is exact, we have a further reduction (via holonomy of the Weyl connection) σ λ : G λ → G to structure group Ker(λ) = O(4n + 3, 3) ⊂ G co 0 . Then for x ∈ F and v, w ∈ T x F , consider a point u ∈ G λ in the fiber of x and any vectorsṽ,w ∈ T u G λ projecting to v, w, respectively. Then we have
Now consider the case where the Cartan geometry of conformal type is a qc Fefferman space (G qc → F qc , ω qc ) and σ = σ g is the exact Weyl structure induced via proposition 6.1 from an exact Weyl structure σ g of the qc manifold (M, D, Q, [g]) corresponding to a choice of metric g ∈ [g]. Then as in the conformal case, we have a further reduction (via holonomy of the qc Weyl connection) to structure group Ker(λ) = Sp(1)Sp(n) ⊂ G qc 0 , which we denote by σ
From the proof of the final statement of proposition 6.1, we have that ι 0 • r λ : G qc λ ֒→ G qc λ , and clearly any vector on F qc is locally given by the projection of vectors on G qc λ in the image of the differential of this inclusion, so it suffices to determine the form of f g := f σ g ∈ [f qc ] via these vectors.
From the defining relations of the Weyl structure σ g and the Cartan connection ω qc via σ g and ω qc , respectively, we compute: 
In the above formula, T 0 is a symmetric (0, 2)-tensor associated to g ∈ [g], defined in [22] . The precise formula is not important for the present purposes, but only that the endomorphism I r • (T 0 ) ♯ + (T 0 ) ♯ • I r ∈ End(D) commutes with I 1 , I 2 , I 3 . From this and (27), we get as a corollary the formula (6) for the metric f g ∈ [f qc ] induced by a choice of metric g ∈ [g], and in particular the equivalence of (i) and (iv) in theorem A. Comparing this with the formula in theorem II.6.1 of [4] gives the equivalence to the conformal metrics defined directly by Biquard (note that the discrepancy by a factor of 2 is simply a result of different conventions chosen in the defining formula (4)).
A The graded inclusions
Consider the inclusions, for any N ≥ 1, given as follows:
where U + jV is the decomposition of an arbitrary N × N quaternionic matrix in terms of N × N complex matrices U and V . Similarly, we have ι C : gl(N, C) ֒→ gl(2N, R)
Then it is well-known that these restrict to give inclusions ι H : sp(n + 1, 1) ֒→ su(2n + 2, 2) and ι C : su(2n + 2, 2) ֒→ so(4n + 4, 4), which are of course isomorphic to the Lie algebras we're interested in. However, we want to see the explicit structure of the inclusions g qc ⊂ g cr ⊂ g co as graded algebras, and for this it's simplest to consider the composition of the inclusions ι H and ι C , respectively, followed by automorphisms corresponding to a certain change of basis. In the following, we'll provide these details for the inclusion g qc ⊂ g cr , those for the inclusion g cr ⊂ g co being completely analogous.
Recall the definitions g qc = sp(H n+2 , Q n+1,1 ) and g cr = su(C 2n+4 , Q 2n+2,2 ). In particular, this means that with respect to Q n+1,1 and Q 2n+2,2 , respectively, the standard ordered bases {d 1 , d 2 , . . . , d n , d n+2 } of H n+2 and {e 1 , . . . , e 2n+4 } of C 2n+4 , respectively, are (modified) Witt bases. That is, the vectors at the beginning and end of the ordered bases are light-like and dual to one another (working inward), and the vectors in the middle are orthonormal, and perpendicular to all the light-like basis vectors.
From this, we see that we get an inclusion ϕ 
